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Abstract. We extend Voiculescu's approach to analytic subordination through the coalgebra of the free 
difference quotient to non-coassociative derivation-comultiplications appearing in free probability theory. 
We obtain new proofs of Voiculescu's analytic subordination results for freely Markovian triples, and for 
multiplication of unitaries which are free with amalgamation. 



Introduction 

A derivation-comultiplication on a unital algebra A over C is a linear map 

A: A^A, 

which satisfies the product rule A{ab) = (a (g) 1)A(6) + A(a)(l (g) b). Derivation-comultiplications play a 
prominent role in free probability theory, most notably in Voiculescu's "microstates-free" approaches to free 
entropy, free Fisher information and free mutual information (|10j,|Tl]). Of particular interest is the free 
difference quotient, introduced to study free Fisher information and free entropy, and at the center of the 
"free analysis" of Voiculescu ([H], p], [TB]). 

The free difference quotient dx-.B is the derivation-comultiplication on B{X) determined by 

dx:B{X) = 
dx:Bib)^0, (beB), 

where S is a unital algebra over C and X is algebraically free from B. dx-.B has the additional property of 
coassociativity, i.e. 

(id ® Ox-.b) o dx:B = {dx:B (gi id) o dx-.B- 

In considering the corepresentations of this coalgebra, Voiculescu found a natural explanation for the phe- 
nomenon of analytic subordination, a powerful tool in free harmonic analysis. 

In fOj, Voiculescu proved (under some easily removed genericity assumptions) that if X and Y are self- 
adjoint and freely independent random variables, then the Cauchy transforms of Gx+y and Gx satisfy an 
analytic subordination relation in the upper half-plane. He used this result to prove certain inequalities on p- 
norms of densities, free entropies and Riesz energies. It was later discovered by Biane that the subordination 
extends to the operator-valued resolvents, and that a similar result holds for free multiplicative convolution 
[2]. He used these results to prove certain Markov-transitions properties for processes with free increments. 
(See also [I], [5], [6] for other approaches to subordination in free probability). 

Though technically useful, the proofs of these results did little to explain why analytic subordination 
appears in the context of free convolutions. What Voiculescu observed in p2] is that, roughly speaking, 
the invertible corepresentations of dx-.B are the i?-resolvents (6 — X)~^ (and their matricial generaliza- 
tions). Moreover, if X and Y are i?-freely independent, then a certain conditional expectation is a coalgebra 
morphism from the coalgebra of dx+Y-.B to the coalgebra of dx-.B- Since coalgebra morphisms preserve 
corepresentations, one should expect that i?-resolvents of X + Y are mapped to B-resolvents of X by this 
conditional expectation. This approach led to the generalization of the earlier results for free additive 
convolution to the i?-valued context. 

In |13] , Voiculescu found that he could extend this result by simple operator- valued analytic continuation 
arguments. Here he found a general subordination result for freely Markovian triples, and gave a -B- valued 
extension of Biane's result for multiplicative convolution of unitaries. 

In this paper we extend Voiculescu's method to non-coassociative derivation-comultiplications appearing 
in free probability theory. Through this approach we obtain new proofs of the subordination results in ^13j. 
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In his development of free mutual information ([H]), Voiculescu introduced the derivation 

6a:b ■■ Ay b ^ Ay b ® Ay b 

determined by 

5A:B{a) = a®l-l®a, {a £ A), 
SA:B{b) = 0, (be B), 

where A and B are unital algebras which are algebraically free, and Ay B denotes the algebra generated by 
AlJB. Here we will use the coalgebra structure o{5a:B to give a natural proof of the following subordination 
result for freely Markovian triples. 

Theorem. Let {M,t) he a W* -algebra with faithful, normal trace state t. Let I E B C M be a W*- 
subalgehra, and let 1 € A,C CL M he *-subalgebras which are B-free in {M,Eb), i.e. A,B,C is freely 
Markovian. Then there is an analytic function F : Il^{A) x H+(C) B such that 

EAvBia + c)"^ ^ia + F(a, c))"^ 

foraeM+{A), ceH+(C). 

To develop "microstates-free" free Fisher information and free entropy for unitaries ([llj), Voiculescu 
introduced the derivation 

du:B ■■ B{U, U*) B{U, U*) ® B{U, U*), 

determined by 

du:B{U) = 10C/, 
du:BiU*) = -U*®l, 
du:B{b) ==0, 6 e B, 

where J7 is a unitary that is algebraically free from the unital algebra B. Here we show that the coalgebra 
of dij-B is the natural object in the following subordination result for multiplication of B-freely independent 
unitaries. 

Theorem. Let {M,t) be a W* -algebra with faithful, normal trace state t. Let 1 € B C M be a W- 
subalgebra, and let U,V E M such that B{U,U*) is B-free from B{V,V*) in {M,Eb). Then there is an 
analytic function F : B(i?) D(_B) such that 

EB{u,U')UVb{l - UVb)-^ = UF{b){l - UF{b))-^ 

and \\F{h)\\ < \\b\\ forbEB{B). 

The resolvents Ub{l — Ub)^^ appearing here are related to the S'-transform in free probability theory, see 

mm- 

The idea behind these proofs is quite simple. Because 5 and d are not coassociative, we cannot expect 
to find interesting corepresentations for these comultiplications. However, the resolvents (a + and 
Ub{\ — Ub)~^ appearing above are characterized by certain relations with S and d, respectively. Moreover, 
these relations are preserved by certain conditional expectations which are coalgebra morphisms for S and d. 
We should expect then that these resolvents are preserved by these conditional expectations. The technical 
difficulties that arise are in working with the closures of these unbounded derivations. 

Besides this introduction, the paper has five sections. 

Section 1 is purely algebraic. We look at the relationship between derivations and certain resolvents in a 
general setting. 

In Section 2 we show that certain conditional expectations are coalgebra morphisms for S and d. 
In Section 3 we extend some technical results from [TT] to the operator-valued case, which will be needed 
in the next section. 

Section 4 contains the proof of the analytic subordination result for freely Markovian triples. The greatest 
difficulty is in proving that certain elements in the kernel of the closure of Sa-.b are actually in B. 

Section 5 covers the analytic subordination result for multipHcation of B-freely independent unitaries. 
The approach is similar to the freely Markovian case, but the technical difficulties are sHghtly easier. 
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1. Derivations and Resolvents 

Here we discuss the relationship between derivations and certain resolvents in a general algebraic framework. 

1.1. Let A, B be unital algebras over C, and (pi,(p2 : A ^ B he unital homomorphisms. A linear map 
D : A ^ B is a derivation with respect to the vl-bimodule structure defined by tpi , (p2 if 

D{aia2) = ipi{ai)D{a2) + D{ai)^f2{a2)- 
It is easy to see that this implies ^(l) = 0, and if a G A is invertible then 

D{a-^) =-(^1 {a-^)D{a)ip2 (a^^) ■ 

Proposition 1.2. Let A, B, ipi, ip2, D be as above and let N ^ Kci D . 

(i) Fix a € A. If a £ A is invertible, and D{a) — ~ipi{a)D{a)(p2{cx) , then a — (a + n)~^ for some 
n e Kerl?. Conversely, if n ^ Kei D is such that a + n is invertible, then 

D {{a + n)-i) ^ -ifi {{a + n)-^) D{a)ip2 ((a + n)-^) . 

(ii) Suppose U G A is invertible, and D{U) = ^p2{U). If a G A is such that \ + a is invertible and 
D{a) = (pi{a + l)(p2{ct), then a = Un{l — Un)^^ for some n e N such that 1 — Un is invertible. 
Conversely, if n G N is such that 1 — Un is invertible, then 

D {Un{l - Uny^) = ipi {Un{l - Un)-^ + l) ip2 {Un{l - Un)-^) . 

Proof. 

(i) Fix a € A and suppose a £ A satisfies the hypotheses, then 

D (a-^) = -^i{a-^)D{a)(p2{a)-^ = D{a). 

So — a G KerZ3 which proves one direction, the converse is trivial. 

(ii) Suppose U £ A is invertible, and a £ A satisfies the hypotheses, then 

D {U-\a + ^ -(pi (U-^) <fii {{a + 1)^^) D{a + 1)^2 ((« + 1)"^) 

- ^1 (C/-1) D{U)V2 {U-') ip2 ((« + 1)"') 
= -ipi {U-') [ip2{a) + 1] ip2 {{a + 

So n = U^^ — U^^{a+ 1)^^ G Ker D, and hence a — {1 — Un)^^ — 1 = Un{l — Un)^^ . The converse 
is a simple computation. 

□ 

1.3. In the sequel, we will apply Proposition 11.21 to certain completions of 5 and d. 

(i) Observe that B C Ker^AiS, so if a G ^, 5 G S are such that a + 6 is invertible in the completion of 
Ay B, then a — [a + h)~^ satisfies the hypotheses of (i) above. 

(ii) Likewise, B C Ker du-.B^ so if 5 G B is such that (1 — Uh) is invertible in the completion of B{U, U*), 
then a = Ub{l — Ub)^^ satisfies the conditions of (ii) above. 

2. COALGEBRA MORPHISMS IN FREE PROBABILITY 

In this section we prove that certain conditional expectations arising in the contexts of free Markovianity, 
and i3-free multiplicative convolution of unitaries, are coalgebra morphisms for the comultiplications 5 and 
d, respectively. Because we will need these results in the next section, we will work with operator-valued 
generalizations of 6 and d. 

2.1. In the remainder of the paper, (M, r) will denote a tracial W*-probability space. \i A,B C M, AW B 
will denote the algebra generated (algebraically) byAUB. IflG^CMisa *-subalgebra, Ea will denote 
the canonical trace preserving conditional expectation of M onto W* {A) . 
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2.2. Suppose that 1 £ i? C Af is a W*-subalgebra, and that 1 G Ai,A2 C M are subalgebras containing B 
which are algebraically free with amalgamation over B. Letting A — AiW A2 denote the algebra generated 
by Ai and A2, define 

(5Ai:A2;B ■■A^A(g,BA 
to be the derivation into the ^-bimodule A®b A, which is determined by 



A2;B 



a (X) 1 — 1 (g) a, i{ a £ Ai, 
0, \ia£A2. 

The B-valued liberation gradient j — j{Ai : A2;B) is then defined by the requirements that j G L'^{A), and 

EBija) = (EB®EB){SAy.A2;B{(^))^ (a S A). 

Except in Section 3, we will be interested only in the case B = C, in which case we recover the definitions of 
Voiculescu in [ll] of 8{Ai : A2) and of the liberation gradient j[Ai : A2). This i3-valued generalization was 
introduce by Nica, Shlyakhtenko and Speicher in [7\ as a method for studying i3-freeness of the algebras Ai 
and A2. 

2.3. Suppose 1 G S C Af is a W*-subalgebra, ^4 C M is a subalgebra containing B and C/ G M is a unitary 
such that B(JJ, U*) is algebraically free with amalgamation over B from A. Define 

du:A;B ■■ A{U, U*) ^ A{U, U*) ®B A{U, U*) 

to be the derivation determined by 

du:A-B{U) = 10C/, 
du:A-B{U*) = -U* ® 1, 
du:A;Bia) ^ 0, (a G A). 

The conjugate of U relative to A with respect to B, denoted ^ = ^(t/ : A;B), is then defined by the 
requirements that ^ G L'^{A{U, U*)) and 

Eb i^m) = {Eb ® Eb) {du:A;B{^)) ' ^ MU, U*). 
We will mostly be interested in the case S = C, in which case we recover the definition of du;B from [llj. 
This B-valued generalization was considered by Shlyakhtenko in |8]. 

2.4. The following lemma is an operator-valued generalization of a result in [12]. The proof is an easy 
adaptation of the argument found there, we include it here for the convenience of the reader. 

Lemma 2.5. Let 1 & Bi,B C M be W* -subalgebras in {M,t) such that Bi C B. Let I e A,C C M be 
*-subalgebras which are B-free in {M,Eb). Let D : AWBWC {AW BVC)(^Bi (AWBWC) be a derivation 
such that D{B V C) = and D{A V B) C (A V B) ®i3, (A V B). Then 

(Eavb fXifii Eavb) o D = D o i^AvsUvsvC- 

Proof. First note that i3-freeness implies 

EAyB{A\J B\J C) CA\JB. 

Let Fi = [Ay B) r\ Ker Eb, F2 = {B V C) Ci Ker Eb- Since A V B and B V C are B-free, we have 

k>2 ai^---^ai, 
ai£{l,2} 

where the orthogonal difference and direct sums are with respect to the Bi -valued inner product defined by 
Eb, ■ Now DF2 = 0, and DFi C (Fi + B) (g, {Fi + B) by hypothesis. If ai 7^ • • • 7^ at, G {1, 2}, fc > 2, 
then 

D ■ • ■ i^a, ) C • • • ^"-1 (^1 + ^) (i^i + B) ■■■Fo,^. 

l<i<k 

Qi = l 

If fc > 2, either i > 1 or z < fc so that either 

Eavb {Fc., ■ ■ ■ Fc,^_, {Fi + B)) =0 
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EAvB{iFi+B)F^,^,---F^^) =0. 
Since also DF2 = 0, we have shown that 

{Eavb ®Si EA^,B) {D{A \/ BvCeAW B)) = 0. 

Since 

{Eavb ®Bi Eawb) o D o Eawb\avbvc = D o -EavbUvbvc 
by hypothesis, the result follows. □ 

Corollary 2.6. Let 1 G Bi,B C M be W* -subalgebras such that Bi C B, and let I G A,C C M be *- 
subalgebras which are B-free in (M, Eg) and such that A is algebraically free from BMC with amalgamation 
over Bi . Then 

{EavB ®Si Eavb) ® Sa:B\/C;Bi = ^A-.B-Bi ° Ea\/b\avBvC- 

Corollary 2.7. Suppose that j{A : B; Bi) exists, then so does j{A -.BMC] Bi) and 

j{A:BVC;B,)^j{A:B;B,). 

Proof. For msAVSVC, we have 

Eb, {j{A : B-Bi)m) = Eg, {j{A : B; Bi)EAyB{m)) 

= {Eb^ (E) EbJSa:B;Bi (^^Avs("^)) 

= (Ebi ® Ebi) 5A:B\/C;Bi{m). 

□ 

Corollary 2.8. Let 1 £ Bi,B C M be W* -subalgebras such that Bi C B. Let U,V E M be unitaries which 
are B-freely independent, and such that U is algebraically free from B{V,V*) with amalgamation over Bi. 
Then Eb{u,v,U' y) C B{U,U*), and 

iEB{U,U'} ®Bi Eb{u,U')) °duV:B-Mi = du:B;Bi ° Eb(u,U')\b{UV,VU')- 

Proof Apply LemmaEHto find that Eb{u,u')B{U, V, U* , V*) C B{U, U*), and 

{Eb{U,U') ®Bi Eb{u,U')) ° du,B{V.y*);Bi = du.B-.Bi ° Eb{u,U')\b{U,V,U',V)- 

Since d^,B{v,v*)■,Bl\B{uv.v*U') — duv-.B-Bi, the result follows by restricting to B{UV,V*U*). □ 
Corollary 2.9. Suppose that ^(J7 : B;Bi) exists, then so does CiUV : B;Bi), and 

: B; B^) = EBi^uvyv) {S.{U : B; B,)) . 
Proof. The proof is similar to Corollary 12.71 □ 

3. Regularization via unitary conjugation 

Our aim in this section is to show that li 1 <G A, B d M are ^-subalgebras, then we can can find a unitary 
U arbitrarily close to the identity such that W*{UAU* W B) r\W* {Ay B) = B, which will be needed in 
the next section. In the case B — <C, this follows easily from the considerations in [11]. Here we extend the 
necessary results from that paper to the S- valued case by using the i3-valued liberation gradient introduced 
in the previous section. 

3.1. The L^-norm of the S- valued liberation gradient gives a measure of how far the algebras Ai and A2 are 
from being i?-free. In particular, it is shown in [7j that Ai and A2 are S-free if and only if : A2; B) = 0. 
In the case B = C, Voiculescu gave some estimates on the "distance" between the algebras Ai and A2 when 
the Hberation gradient j{Ai : A2) is bounded [11]. We begin by observing that his estimates extend directly 
to the -B-valued case. 
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Lemma 3.2. Let 1 E B C M be a W* -subalgebra, and let 1 € ^1,^2 C M be *-subalgebras which contain 
B, and such that A\ is algebraically free from A2 with amalgamation over B. Suppose that j{Ai : A2; B) 
exists. 7/771 G n Ker Eb, m' G fl Kei Eb then 

EBiJiAi : A2]B)mm') = -EB{j{Ai : A2;B)m'm) = ~EB{nim') 

and 

EB{j{Ai : A2;B)[m,m']) = ~2EB{mm'). 

In particular, 

T{j{Ai : A2;B)[m,m']) = -2r(mm'). 

□ 

Proposition 3.3. Suppose that \\j{Ai : A2; B)\\ < 00. If m e ^1 n Ker Eb, m! E A2C^ Ker Eb then 

( /M ^ \\3{Ai- A2;B)\\ , 
'{mm )\ < —j^\m\2\m I2. 

l + \\jiA,:A2;B)f 



Equivalently, 

\\j{Ai:A2;B) 



\{Ea, - EB)iEA, - Eb)\\ < 



l + \\j{A,:A2;B)f 



1/2- 



Proof. Identical to fill Proposition 7.2]. □ 

3.4. We now turn to the existence of the B-valued Hberation gradient j{Ai : A2;B) after conjugating by a 
unitary in M which commutes with B. As observed in the scalar case by Voiculescu, the key is the relation 
between 5 and d. 

Proposition 3.5. Let 1 G B C M be a W* -subalgebra, and 1 G A C M a *-subalgebra which contains B. 
If U is a unitary in M which commutes with B and is algebraically free from A with amalgamation over B, 
then 

du:A;B\AWUAU' = —5uAU':A;B. 

Proof. We have 

du:A;B {aiUa2U* ■ ■ ■ a2k-iUa2kU*) = ^ [aiUa2U* ■ ■ ■ a2p-i ® Ua2pU* ■ ■ ■a2k-iUa2kU* 

l<p<k 

- aiUa2U* ■ ■ ■ a2p-iUa2pU* 02^+1 ■ • ■ a2k-iUa2kU*) 
= -SuAV-.A-B {aiUa2U* ■ ■ ■ a2k-iUa2kU*) . 



□ 



Corollary 3.6. If ^{U : A; B) exists, then so does j{UAU* : A; B) and 

jiUAU* :A;B)^ -EAyuAU'{£.{U : A;B)). 



□ 



Proposition 3.7. Let 1 G B C M be a W* -subalgebra, and suppose that U G M is a unitary such that 
C[U,U*] is independent from B. Then if £,{11 : C; C) exists, so does £{U : B;B) and 

aU:B;B)^aU ■.€;£). 

Proof. Since U commutes with B, we just need to check that 

Eb{C{U : C;C)C/") = [Eb ®b EB){du:B;B{U")) 



ANALYTIC SUBORDINATION 



7 



for all rt G Z. If rt > 0, then by independence we have 



Eei^iU : C; C)[/") = t{^{U : C; C)t/") 

= (r ®c r) (dc/:c;c((7")) 

n-l 

= ^r({7^-)r({/«-'=) 

fc=0 
ri-l 



k=0 

= iEB®BEB)idu:BMUn)' 

The case n < is similar. 



□ 



Proposition 3.8. Let 1 e S C Af be a W* -algebra, 1 ^ A C M a *-subalgebra containing B, and U ^ M a 
unitary such that A is B-free from B{U, U*) in (M, Eb). If i{U : B; B) exists, then so does ^{U : A; B) and 

aU ■.A;B)=aU ■.B;B). 

Proof Apply Lemma [231 with D, A, Bi,B, C replaced by d{j.,A-B , B{U, U*),B, B, A to find 

[Eb ®b Eb) o du.B-B ° Eb{u,u*)\a{u,u*) = (Eb ®s Eb) o du-.A-B- 

Now for m E A{U, U*), we have 

Eb m ■■ B;B)m) = Eb (^(C/ : B; B)EBiuM'){m)) 

= (Eb 0b EB)du:B:B {EB{uM')i'm)) 
= (Eb <^b Eb) du:A,B{m). 



□ 



Proposition 3.9. Let S be a {0,1) -semicircular random variable in {M,t). Fix < e < 1, and let Ue 

exp{'KieS). Then ^{11^ : C; C) exists, and 



mU, : C;C) -i(27r"e)-'5 < 



27r(l -e)' 
In particular, i{U, : C; C) G W*{U^). 

Proof. The distribution of with respect to r has density 

4 



with respect to the normalized Lebesgue measure on T. By [HI Proposition 8.7], ^(C/e : C; C) exists, and 
is given by i{Hp)[U^), where Hp is the circular Hilbert transform of p, i.e. Hp is the a.e. limit of Hsp as 
(5 — > 0, where 

(i?.p)(e'^0 = -^ /■ p(e^(«-«))cotf|) de. 
For a; ^ 0, we have the expansion (|18|) 
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It follows that for < \9\ < 27re, we have 

E 





1 








< 









\o\ 



\e + 2mi\2n-K 



< (27re) 



27r(l - e)27r 27r 





n>2 ^ ^ y 



e(2-e) 



27r(l - e)' 



Hence if |6'i| < 7re, then 



{Hsp) (e^^O + 



(5<|e|<7r 



since p{exp{i{ei - 6))) = if 16*1 > 27re. But 

1 



de 



< 



2^(1 -e)' 



converges as 5 to the Hilbert transform of the semicircular law of radius ne evaluated at 9i . By the 
results in |10[ Section 3], this is equal to 0i/(27r'^e^). So for \9i\ < ne, we have 

6(2 -e) 



(Hp) (e^^O 



27r3e2 



< 



It follows that 



\£,{U, :C;C)-i{2TT^€)-^S\\ < 



27r(l - e)' 

6(2-6) 



27r(l -e)' 



□ 



Corollary 3.10. Let 1 € B C M be a W* -subalgebra, 1 G A C M a *-subalgebra containing B, and S a 
(0, 1) -semicircular element in (M, t) which is independent from B and B-freely independent from A. Then 
for < 6 < 1, we have 

W*iA V B) n W*{UeAUe V B)=B, 

where Ue = expiirieS). 

Proof By Propositions [3Jl and K8\ i{U^ : A;B) exists and 

-A-B)^ i{U, ■.B;B)^ £,{U, : C; C). 
Applying Corollary I3.6| we see that j{UeAU* : A; B) exists and 

jiU.AV: -.A-B)^ -Eawu.au; [^{Ue : C;C)] . 
By Proposition I3.9[ ^{Ug : C; C) is bounded and hence 

\\j{U,AU: -.A^B^K^. 

The result now follows from Proposition 13.31 □ 



4. Analytic subordination for freely Markovian triples 

In this section we use the derivation Sa-.b to prove the analytic subordination result for a freely Markovian 
triple {A, B, C). The main difficulty is in showing that certain "smooth" elements in the kernel of the closure 
of actually lie in B. 

4.1. Let 1 e A, B C Af be *-subalgebras which are algebraically free. Let A* B denote the ^-algebra 
free product of A and B (with amalgamation over C). Given an invertible S G M, there is a unique 
*-homomorphism ps A * B M determined by 

ps(a) = SaS^^, (a G A), 

Ps{b) ^b, {be B). 

We will denote by p the isomorphism oi A* B onto A\/ B. 
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4.2. Recall that Sa-.b : AV B ^ AV B igi AV B is the derivation determined by 

^A:s(a) = a <8) 1 — 1 <8) a, (a £ A), 
SA:B{b) = 0, (6 G B). 

For p > 0, we define S'^J^^ ■■ AV B ^ {AV B)®(p+i) recursively by = id^vs and 

^i^+^^ = (^A:i.®id«^)ojW^. 

4.3. We will work a certain "smooth" Banach algebra completion of ^4 * B. Given < i? < 1, define || ||^ on 
A* B by 

ii/iifl=Elki'B(p(/)) 



p>0 



RP, 



where || H^^^ denotes the norm on the projective tensor product M®^ 

Lemma. || || ^ is a finite norm on A* B, and if f,g G A* B then 

\\.fa\\n<\\f\\R\\9\\R- 
Proof. Since 6a:B is a derivation, if f,g G A* B then we have 



k=0 



SO that 



\\f9\\R=T.riUpif9)) 

p>0 



E 

p>0 



^(p-fe) 



fc=0 

P 



<EEi'5i-BW)) 

p>0 fe=0 



(fe+1) 



"A:B 



iP{9)) 



(p-fc+i) 



(p+i) 



\R \\y\\R ■ 



Since || ||^ is easily seen to be finite when restricted to A and to B, it follows that || ||^ is a finite norm on 
A*B. □ 

4.4. Let A *R B denote the Banach algebra obtained by completing A* B under || It is clear that p 
extends to a contractive homomorphism p : A*r B — > C*{A\/ B), note however that p need not be injective. 

4.5. The main analytic tool we have for studying Sa-.b is its relation to P(i_rn), w € M, \\m\\ < 1. To 
state this relation precisely, we will first need to introduce some notation. Given mi, . . . ,ms € M, let 
Osimi, . . . , TTig] denote the linear map from M^^^~^^^ into M determined by 



Note that 



where 



6p[mi, . . . ,ms](m'i (g) . . ■m'g_^_i) = m[mim'2 ■ ■ ■msm'g_^_i. 



\\9,[mi,...,m,]iO\\ < ||mi||---|K||||C||f,+i). 
denotes the projective tensor product norm on 



Proposition 4.6. If f G A* B and m e M, \\m\\ < 1, then 



p>0 



where the series converges absolutely in the uniform norm on M . In particular, extends to a con- 

tractive homomorphism p(i-m) A *r B ^ M . 
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Proof. First we will check that the series converges absolutely. Indeed, by the remark above we have 

A 



him, . . . ,m] II < E ^Akpif)) ^ , - ll/l 

— II \ /II '—^ (B+l) 



p>o p>o 



which is finite by[ 

Now let (p{f) denote the right hand side, it suffices to show that ip is a homomorphism from A* B into 
M which agrees with when restricted to A or S. If /, g £ A * B, then 



p>Q 

Y,oA^,---Mj2 i^A^Bipif)) ® i^^^-'^)) (i^'^ ® s'-zr^"^ {p(g)) 

p>0 k=Q 

E E ^fc • ■ • , {s'-A^BiPif))) Oip-k) [m, . . . , m] [S'^rj'^ ip{g)) 



p>0 fe=0 

So Lp is indeed a homomorphism. Clearly ip{b) = b = For a G A, we have 

<^(a) =J29p[m,...,m] (o 1®^ - 1 a (g) 1®'^-^') 

p>0 
p>0 

= (1 — m)a 

p>Q 

= (1 — m)a{l — m)~^ 
= P(i-m)(a)- 
Now if ||m|| < i? < 1, then we have 

||P(i-™)(/)||<ii/iifi;„ii< 11/1155 , 

so that P(i-m) extends by continuity to a contractive homomorphism '■ A B M. □ 

4.7. Recall that the liberation gradient j{A : B) is determined by j{A : B) e L^{W*{A V B)) and 

T {j{A : B)m) ^ {t ® t) {SA:B{m)) me AV B. 

Voiculescu has shown [ll] that the existence of j{A : B) in L^{W*{A V B j) is a sufficient condition for the 
closability of Sa-.b, viewed as an unbounded operator 

Sa:b ■■ L^(W*(A V B)) ^ L^{W*{A \/ B) (g) W* {A \/ B)). 

In particular, \j {A : B)\2 < oo impHes that Sa-.b is closable in the uniform norm, we will denote this closure 
by Sa:B- We will need the following standard result on closable derivations ([3], |12j). 

Proposition 4.8. Let K,L be unital C* -algebras, let ipi,ip2 : K ^ L be unital *-homomorphisms, let 
1 e A C K be a unital *-subalgebra, and let D : A L be a closable derivation with respect to the A- 
bimodule structure on L defined by ipi,ip2- The closure D is then a derivation, and the domain of definition 
'Z){D) is a subalgebra. Moreover, if a ^ A is invertible in K, then a^^ G '^{D) and 

Proposition 4.9. Let 1 <E B <Z M be a W -subalgebra, and 1 G A C A/ a ^-subalgebra such that A and 
B are algebraically free. Suppose also that \j{A : B)\2 < oo. If < R < I, then p{A ^j? B) C D{6a:b). 
Furthermore, if f ^ A *fi B and 5 A:B{p{f)) = 0, then p{f) G B. 
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Proof. It is clear from the definition of the norm || ||^ that p maps A B into 'D{Sa:b)- Suppose then that 
f eA*HB, and Ia:b(p(/)) - 0. Let /„ G A * S s.t. /„ ^ / in A B. Then 

lim SA:B{pifn))=SA:B{pif))=0, 

n — >oo 

the Umit being taken in the projective tensor product norm || |||^2)- Since {Sa-.b ® id) is closable, it follows 
that 



Iterating, we see that 



lim 

n — ^oo 



lim 

n — >oo 



r(2) 
^A:B 



(p(/n)) 



(3) 



(p+1) 



0. 



^ 



for all p > 0. Let m G M, ||m|| < R. Since /„ f m A *r B, it follows that ||/n||^ < C, where C is a 
constant which does not depend on n. Given e > 0, find P such that 



l-(||m||/i?) ^ ■ 



Then find N such that n > N implies 



j:\\s^iUpifn)) 

p=l 



(p+1) 



TO r < e. 



We then have for n > N, 

||P(l-m)(/n) - P(/rO|| = 



H (<5il(p(/„)) 



p>i 
(P-i) 

< E IM'W^ A-BiPifn)) 
p=l 

< 2e. 



A 



'CR-^P 



It follows that 



P(l-m)(/) - Pif) = P(l-m)(/rO " P(/n) = 0. 



Now let S" be a (0, l)-semicircular element in M which is independent from B and i?-freely independent 
from A. Take e > sufficiently small so that ||J7e — 1|| < R, where Uc = exp(i7reS'). Then puSf) — in 
particular eC*{A\/ B)n C*{U^AU^ V B). By Corollary [HOl we have e B. □ 

4.10. We recall the following from [12]. If A is a unital C*-algebra, the upper half-plane of A is defined 
as IHI+(A) = {T e A : Im T > el for some e > 0}. Similarly, the lower half-plane of A is defined as 
H_(A) = {T e A : Im A < -el for some e > 0}. If T e H+(A), then T is invertible, and T^^ e H_(yl). 
Moreover, 

-1 



\T-H\ < t 



Im(T" 



< 



e + e-MlTll" 



Proposition 4.11. Let 1 G B C M be a W* -subalgebra, and let 1 G A,C C M be *-subalgebras. Assume 
A and C are B-free in {M,Eb)- Suppose also that \j{A : B)\2 < oo. Then there is a holomorphic function 
F : M+{A) X H+(C) ^ B such that 

EAvB{a + = (a + F{a, c))-^ 

foraeM+{A), ceH+(C). 

Proof Let a e M+{A), c e IHI+(C), and let a = {a + c)-^. By Proposition [2?7l \j{A : B V C)\2 < oo, so Sa-.b 
and Sa:B\/c are closable in norm. By Proposition 14. 8[ a G 'S{Sa:B\/c)- By Lemma [131 

Sa:b{(x) ~ — a(a (g) 1 — 1 ® a)a. 

It follows from Proposition 12.61 that 7 — EB(a) G and 

'Sa:b{i) = -l{a 1 - 1 (8) 0)7. 
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Since a £ ]HI_(M), it follows that also 7 G ]HI_(M), in particular 7 is invertible. By Lemma [L2l 7 = (a + n)^^ 
for some n e KeriJyi:^. 

Setting F{a,c) = n, it is clear that F{a,c) depends analytically on (a,c), it remains only to show that 
F{a,c) e B. Fix a G H+(A) and denote Fa{c) = F{a,c) for c e H+(C). Since Fa : H+(C) M is 
holomorphic, it suffices to show that Fa{c) € B for c in some open subset of Il^{C). 

Fix < i? < 1 and choose x sufficiently large so that 2 ||a|| (1 — R)~^x~^ < 1/2. Let 

fi = {ceH+(C) : \\c~ix\\ < \\a\\}. 

Given c £ fi, we have 

(a + c)-i = (M(l -F))-^ = (^a;)-l^F^ 

fc>0 

where F = (ia;)^^(ia; — a — c). Note that ||F|| < 2 ||a|| x^^. For p > 1 we have 

'5!f:Bvc(r) = (1 ® a 1®'^-'^ - a (g) 1®^') , 

so that 



"A-.Bvcy'^ ) 



A 



<2||a||x-i. 

(p+i) 



Letting P e A * B such that p{P) = F, it follows that f e A*ii{B\J C) and 

nU*«(Bvc) < 2 - i?)-^ < 1/2. 

Since A^ii{B y C) is a Banach algebra, we have 

1 1 1 1 <" 

Ir IU*fi(Bvc) ^ ^ 

for fc > 1. Let fk ^ A* B he such that p{fk) = -B^vslr*^), by Proposition 12.61 we have 

IIMIfi<2-'- 

for fc > 1. It follows that J2k>i fk converges in ^ i? to a limit / with < 1. Let g — (ix)^^{l + 

- a E A*ii B, then 

Fa{c)^p{f), 

so that SA:B{p{f)) ^ SA:B{Fa{c)) = 0. By Proposition |4Jl F„(c) e B. 

□ 

4.12. We may now remove the condition on the liberation gradient. 

Theorem 4.13. Let 1 E B C M be a W* -subalgebra, and letl E A.C C M be *-subalgebras. Assume A 
and C are B-free in {M,Eb)- Then there is a holomorphic function F : M+{A) x H+(C) B such that 

EAvB{a + c)-^ = (a + F{a, c))-^ 

fora€n+{A), ceH+(C). 

Proof. Let a G H+(A), c e H+(C), and set 

F(a,c) = (£'Avb(a + c)"^) ^ - a, 

we must show that F{a, c) G B. Clearly F{a, c) depends analytically on (a, c), hence it suffices to show that 
F(a,c) G B for (a,c) in some open subset of ]HI_)-(yl) x H+(C). Let 

n = {(a, c) G H+(A) X H+(C) : ||a - i|| < 1/2, ||c - Ki\\ < 1/2}, 

where if > 0. 

Now let 5 be a (0, l)-semicircular element in M which is freely independent from AV BVC. For < e < 1 
let [/, = exp(i7reS'). By Proposition [3^ \^{U^ : C)|2 < 00. Hence by Proposition [3S1 \j{UeAU* : B)\2 < 00. 
So fix (a, c) G ri, by the proposition there are £ B for < e < 1 such that 

Eu,Au:vB{UeaU* + c)-^ = (a + b,y\ 

Now since (a,c) G il, we have 

WU^aU* +c\\<K + 2 ImiU^aU* + c}>K. 
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It follows from 14.101 that 

\\{U,aU: + c)-^\\ < K-^ lm{U,aU* + C)-^ < -{K + {K + 2f / K)'^ . 

Therefore 

\\{U^aU: <K-^ ImiU.aU: +b,)-'^ <-{K+{K + 2f/K)-\ 

Applying 14.101 once more, we see 



K 



Im{U,aU: + h)>{{K + {K + 2)yK)-' + iK+iK + 2f/K)K-') = . 

For K sufHciently large, this is greater than 2, from which it follows that lm{b^) > 1/2 for < e < 1. In this 
case, it follows from 14.101 that 

||(a + 6e)~i < C, 

for some finite constant C which does not depend on e. Hence 

lim lUU^aU* + - {a + b,)-H\ = 0, 

e— »0 " " 

and therefore 

lim \\{a + be)'^ ~ EAvB{U,aU: + b,)-m = 0. 

An appHcation of [HI Lemma 3.3] shows that A\/ B, C and S are i?-free, and another appHcation shows 
that Ay B, U^AU* V B, U^AU* V S V C is a freely Markovian triple. By [IH Lemma 3.7], we have 



We therefore have 



EavbE{j^au;vbEu^au;vbwc — EAvBEu^Au^yBvc- 

EAvB{a + c)~^ = \iinEAyB{UeaUl + c)"^ 

= \\mEA\/BEu^AU'vB{UeaU* + 
= \i^EA^B{UeaU: 
= lim(a + b^~^. 

It follows that be converges as e to 

F{a,c) ^ {EA\/B{a + cY^) ^ ™ a, 
hence F{a,c) G B which completes the proof. □ 

5. Analytic subordination for B-free multiplicative convolution of unitaries 

In this section we use the derivation du.B to prove the analytic subordination result for multiplication of 
B-freely independent unitaries, where B is a general W*-algebra of constants. 

5.1. Let 1 G B C Af be a W*-subalgebra, and let B{t) denote the algebra of noncommutative polynomials 
with coefficients in B. Given any m G M, there is a unique homomorphism from B{t) into M which is the 
identity on B and sends t to m, which we will denote by / i— > f{m). 

5.2. Recall that if f7 G M is a unitary, du B ■ B{U, U*) -> B{U, U*) ® B{U, U*) is the derivation determined 
by 

duAU) = 1® f/, 
du:B{U*) - -U*®1, 

dc/:s(fo) = 0, (6gB). 

Define d^^]^ : B{U, U*) {B{U, recursively by d'^^^g = id, 

4'B^ = (d£/:B®id^^)od(,^)^. 
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5.3. Fix a unitary U S M which is algebraically free from B. Define a norm || ||^ ^ on B{t) by 



ll/llS,r/=E||4':B(/(C^)) 
p>0 



R,U 

A 



where || ||(^-) denotes the projective tensor product norm on M®'^ . 

Lemma. || is a finite norm on B{t), and if f,g £ B{t) then 

< WIWr^u \\9\\r,u- 
The proof is the same as the argument for 5 given in l|4.3p . 

5.4. Let B'^ (yji} denote the completion of B{t) under || ||^ jj. The map sending / G B{t) to f{U) extends 
to a contractive homomorphism from B'^jj into M, which we will still denote by / f{U)- 

5.5. Similarly to 5, du.B is related to the homomorphism / ^ f{{l + m)U), f £ B{t), where m G M is fixed. 
Recall that if mi, . . . , G M are given, 0s[mi, . . . , to^] 

. ^ TV/ is the linear map determined by 

9p[mi, . . . , rus] {m'l • • • (Xi 'rn'g_^_i) — m'j^mim'j • • • msm'g^i. 
Proposition 5.6. Fix rn G M, i/ien for f G -B(t) we have 

/((I + m)C/) = ■ ■ ■ ' H ■ 

p>0 

In particular, if \\m\\ < R then f i— > /((I + m)U) extends to a contractive homomorphism from Bii^ij{t} into 
M , which we will also denote hy f ^ /((I + m)U). 

Proof. First observe that the right hand side has only finitely many nonzero terms, so convergence is not an 
issue. Let ip{f) denote the right hand side. Repeating the argument from Proposition 14.61 we see that ip is 
a homomorphism from B{t) into M. Since ip{b) = b for b ^ B, and 

(p(t) = (l + m)C/, 

it follows that (p{f) = /((I + m)U) as claimed. For / G B{t) and ||m|| < R, we then have 

||/((1 + m)U)\\ < J2 • ■ • - H (4b/(C^)) 

p>0 

A 



(p+i) 



p>0 

<\\f\\lu- 

So / i-^ /((I + m)U) extends to a contractive homomorphism on B]^ ^{t} as claimed. □ 

5.7. Recall that ^{U : B) is determined by : B) G L^{W*{B{U, U*))) and 

T {^{U : B)m) = (r t) m G B{U, U*). 

Voiculescu has proved that the existence of ^(t/ : B) G L^{B{U, U*))isa sufficient condition for the closability 
of du:B when viewed as an unbounded operator 

du:B ■■ L^{W*{B{U, U*))) L^{W*{B{U, U*)) ® W*{B{U, U*))). 

In particular, |^(L'^ : i3)|2 < oo implies that du-B is closable in the uniform norm, we will denote this closure 
by 'du:B- 

Proposition 5.8. Suppose that |^(C/ : B)\2 < oo. If f £ Bji^ij{t}, then f{U) G D{dij-B). Furthermore, if 
R>2 and ifduAfiU)) = 1 ® f{U), then f{U) = Ub for some beB. 

Proof. Let / G BB.,u{t}^ it is clear from the definition of || Wl^u that f{U) G D{du:B), suppose then that 
du:B{f{U)) — I® f{U). Let /„ G B{t), ||/„ - fW^jj 0. Since {du-B ® id) is closable, we have 

lim 4)^(/„)=0, 



ANALYTIC SUBORDINATION 



15 



< e. 

(p+i) 



with convergence in || H^g-j. Iterating, we see that 

Um 4f,)^(/„)=0, 

n— *oo 

for all p > 2. 

Now let m S M, ||m|| < R. Since /n ^ / G || |1^ ^, there is a finite constant C > such that ||/n||j^ (y < C' 
for all n e N. Let e > and find P >2 such that 

i-||m||/i?^'- 

Now find N such that n> N implies 

p-i 

E ll™lli4's(/n(C^)) 

We then have, for n > N, 

||/„((1 + m)U) - (/„(f/) + 0iH {du:B{fn{U)m\ < 2e. 
Taking limits, it follows that 

f((l + m)U) = (l + m)/(C/). 
If i? > 2, we can apply this to m = J7* — 1 to find 

fil)^U*f{U). 

Since /(I) G B, the result follows. □ 
5.9. We will also use the following technical lemma from |T3] . 

Lemma. If x G A, where A is a unital C* -algebra, the following are equivalent: 

(i) \\x\\ < 1. 

(ii) 1 — X is invertible and 2Re{l — x) ^ > (1 + e) for some e > 0. 

Proposition 5.10. Let I € B C AI be a W* -subalgebra, and let U,V G M be unitaries such that B{U, U*) 
is B-freely independent from B{V,V*) in {M,Eb). Suppose also that \£,(U : B)\2 < oo. Then there is a 
holomorphic map F : D(_B) such that 

EB{u.u')UVb{l - UVb)-'^ = UF{b){l - UF{b))-^ 

and \\F{b)\\ <b forbeB{B). 

Proof. Since \£,{U : B)\2 < oo, also \^{UV : B)\2 < oo by 12.91 So du-.B and duv-.B are both closable in the 
uniform norm. Let b G B(S), and set a = UVb{l - UVb)~^ . Then a G Z)(duv:B) by Proposition Oj and 
by Lemma [L2l we have 

duv-.Bia) = {a + I) ig) a. 
It follows from Corollarv 12.81 that 7 = i?B(;7,(7*> (o^) £ '^{du-.B), and 

du:B{l) = (7 + 1) ® 7- 

Now 

j + l^EBiu,U')a-UVby\ 

so to show that 7 + 1 is invertible, it suffices to show that is not in the convex hull of the spectrum of 
(1 - UVb)-'^. Let zeC, then 

(1 - UVb)-^ -z = {l-z + zUVb){l - UVb)-'^ 

is invertible if \z\ \\b\\ < |1 — z\, in particular if Re(z) < 1/2. So 7 + 1 is invertible, and by Lemma [1.21 we 
have 7 = Un{l — Un)~^ for some n G Ker du-.B such that 1 — Un is invertible. 

It is clear that n depends analytically on b, it remains to show that n G ^{B), and that ||n|| < First 
we claim that ||n|| < 1. Since U is unitary, it suffices to show that ||?7n|| < 1. By Lemma \5M it suffices to 
show that 1 — Un is invertible, and 2Re(l — Un)~^ > (1 + e) for some e > 0. But we have 

(1 - Un)'^ = 7 + 1 = - UVb)-\ 
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and since ||C/y&|| < 1, applying Lemma [5.91 again shows that 2Re(l - UVb)''^ > (1 + e) for some e > 0. 
So ||6|| < 1, and it then follows from analyticity that in fact ||F(&)|| < ||6||. Indeed, let 6 £ ©(B), and let 
tp a bounded linear functional on M, then z 'tj;{F{z{h/ \\h\\))) is an analytic function D(C) D(C). By 
Schwarz's lemma, \%l}{F{z{h/ ||6||)))| < \z\ for z e D(C). Taking z = we have \il}{F{h))\ < ||6||, since tp is 
arbitrary we have < \\b\\. 

Finally we claim that F{b) e B for b £ D(_B). By analytic continuation, it sufHces to show this for ||61| 
sufficiently small. Let i? > 2, < e < 1/2 and let beB, \\b\\ (1 + i?) < e. We have 

UVb{l - UVb)-^ = Y,{UVby\ 

n>l 

Now 



UVb p = 
1 (g) UVb p = 1 
p>2 



d'ffLBiUVb) ^ { 1 ^ UVb p=l 



In particular, setting f ~ tb E B{t) we have 
It follows that 

lirilfl,£/y<^"- 

Now since U and V are B-free, it follows that 

EB(u.U'){UVbr eB{U), 

so let Pn G B{t) be such that 

Pn{U)=EB(U,U'){UVbr. 

By Corollary [Ml 
In particular, 

WPuWi^u < wniuv < e"- 

So J2n>i converges in B]^ ^{t} to some limit h with \\h\\ < 1. It follows that l + is invertible in B]^jj{t}, 
and 

UFjb) = g{U), 

where g = 1 - {1 + h)-^. But g G ^^.[/{O and du:B{g{U)) = 1 g{U), so by Proposition [Ql g{U) = Ub 
for some b & B. Since [/ is invertible, we have F{B) = b £ B, which completes the proof. 

□ 

5.11. We may now remove the condition on the conjugate £,{U : B). 

Theorem 5.12. Let 1 £ B C M be a W* -subalgebra, and let U,V £ M be unitaries such that B{U, U*) is 
B-freely independent from B{V,V*) in {M,Eb)- Then there is a holomorphic map F : D(i?) D(i3) such 
that 

EB(u,U')UVb{l - UVb)-^ = UF{b){l - UF{b))-^ 
and \\F{b)\\ < b for b e B{B). 

Proof. Let S* be a (0, l)-semicircular element in (M, r) which is freely independent with B{U, V,U* ,V*) . Ap- 
plying [HI Lemma 3.3] twice, we see that B{U, U*), B{UJJ, U*U*), B{UJJV, V*U*U^'.) is a freely Markovian 
triple, where Ue = exp(7rieS'). By [HI Lemma 3.4], we have 

EB{u,U')EB{u,u,u*u^)EB{u,uvyu*u;) — Eb{u,u*)Eb{u,uv,V'U'U^)- 

Now B{UeU,U*U*) and B{V,V*) are B-free, and \£,{UeU : B)\2 < oo by Corollary[3ll So given beB, we 
may apply the proposition to find £ B, < e < 1, such that lln^H < and 

EB{u,u,u^u:)UeUVb{l - UeUVb)-^ = U^Un^l - U,Un,y\ 

It follows that 

EB(^u,U')UeUVb{\ - UMVb)-^ = EB(u,U')UeUn,{l - UeUn,)-\ 
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Now since UJJVb tends to UVb as e ^ 0, and (1 — UVh) ^ is invertible, it follows that 

lim UeUVb{l - UeUVb)-^ = \im{l - U^UVb)'^ - 1 

= (1 - UVb)-^ - 1 
= UVb{l - UVb)-'^, 
with convergence in norm. Since ||ne|| < ||&|| < 1 for < e < 1, it follows that 

lim WUJJnJl - UeUrie)-^ - UnJl - Une)-^\\ = 0. 

Hence, 

EB(uu')UVb(l-UVb)-^ = lim EBiuu')UeUVb{l-U,UVh)-^ 

= lim EB(uu*)U€Une{l — UeUne)~^ 
= lim f/ne(l - [/ne)"^ 

n— s-oo 

By the argument in the previous proposition, Eq(jj_^u*^{1 — UVb)~^ is invertible, so that 

liml - Un, = {Eb(u,u'){1 - UVb)-')'^ . 

e— >0 \ \ > / 

From this it follows that converges to a limit n € B, such that ||n|| < ||6|| and 

EB{u,u')UVb{l - UVby^ = Un{l - C/n)-^ 
Since the analytic dependence is clear, this completes the proof. 

□ 
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